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Let 0 be a bounded open set in R”, without assumptions on the 
smoothness of its boundary. Accordingly to Poincare’s inequality, we will 
consider on Hi(R) the norm 
The space H- ‘(0) is the dual space of HA(R), endowed with the dual norm. 
The duality between H-‘(n) and H@) will be denoted by the bracket ( , ). 
We will consider the following mixed problem for a second order linear 
hyperbolic equation: 
$ = a(t) Au + G(x, t) t H(x, t) on R x (0, +a), 
u(., t) E H;(R) for t>O, 
(1) 
u( *, 0) = u, E Hgq, 
au 
z (a, 0) = u, E t*(Q). 
Throughout this paper we shall assume, without explicit mention, that the 
coefficients a(t) is a measurable function such that 
0 < vg < a(t) for a.a. t > 0. (2) 
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The known functions G, H in (1) will be supposed to satisfy some decay 
conditions, e.g., 
G E L’(0, +co, L’(Q)), 
HE BV(0, +co, H-‘(R)), lim H(t) = 0 in H-“(f2). 
(3) 
t-+CC 
Problem (1) is viewed as an evolution equation in a Banach space of 
functions of the x-variable. The solutions u of (1) are sought in the class 
u E C’([O, +a), H#2))n C’([O, +a), L*(Q)). (4) 
If we consider the “energy space” E c HA(R) x L*(0) endowed with the 
norm ]i(c. rc)]], E [I] t~l]&~, + ]]~]]f~~c,]“~, we can rewrite (4) as 
( 1 u,$ E C’([O, +a~). E). 
The equation in (1) must be interpreted in the weak sense; i.e., for every 
o E C’(K), +a~), H:(0)) with compact support in (0, +co) the following 
equality must hold: 
+ m du dcp - 
I I- 0 R dt 
dtdxdt 
+ 
I 
+ m WC.5 t), PC., 0) dt. (5) 
0 
In Theorems I, 2, 2’ we formulate sets of conditions ensuring existence 
and uniqueness of solution of (l), (4) (in Theorems 2,2’ we require 
conditions on the data which are related to the condition of being analytic). 
Assuming now that one of these sets of conditions is fulfilled, we proceed 
to study the asymptotic behaviour as t + +a~ of the solutions of (I), (4). 
More concretely, the question is the following: How must the coefficient 
a(t) approach (as t + +co) a real number a,, in order that u(.. t) - L’(., t) 
should be infinitesimal in energy (as t + fco) for some t’(x, t) solution of the 
“free” equation 
--amAt! 
Ft2 - on f2 x (0, +a), 
(6) 
LI( ., t) E H;(R) for t>,O ? 
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Interest in the question originates from the obvious remark that Eq. (6) is 
better to deal with than (1): for instance, the pair (c, du/dt) is an almost- 
periodic function of I with values in the energy space (see, e.g., [ 1, 13 1) (so 
the pair (u, du/&) will turn out to be asymptotically almost-periodic with 
values in the energy space, in the sense of [ 11 I). 
Theorem 3 answers our question: a sufficient condition is that the coef- 
ficient a(t) should approach a, in the following sense: 
,I$I~ j: (m - \/aoc) ds exists and is finite. 
To some extent this condition is also necessary. 
The method we use is Fourier analysis with respect to the eigenspaces of 
the operator -A in HA(R): this leads us to consider the analogous ordinary 
differential equation 
j; + /l’a(t)4’ = Ilg(t) + l%(f) (A E R), 
which we study by adapting a technique of [ 7 ] for the estimate of the energy 
and by employing results of [4] for the asymptotic behaviour as I -+ +co (the 
proofs are collected in Appendix A). 
All the results we obtain here are also true if the operator -a(t)d 
is replaced by a generic uniformly elliptic self-adjoint operator 
-U(f) . ~(~/~,~i)(bij(.~)(~/axi)), p rovided the coefftcients bij(x) have a 
suitable regularity. 
The more general case, when the operator --a(t)d is replaced by a generic 
uniformly elliptic self-adjoint operator -x (c?/c?x~)(u,(x, t)(;l/dxj)), has been 
treated in [ 21: however, we can remark that, in the particular case aij(x, I) = 
u(r) . 6,. the assumptions of 121 reduce to the condition (u(f) -a., ) E 
L’(0. +a~), which is stronger than ours. 
An extensive survey on the subject of asymptotic behaviour of hyperbolic 
equations can be found in [ 15 1. 
PRELIMINARIES 
For X Banach space, X* its topological dual. f: 10. +ao) + X: 
If V(; * (J X) < +co, then f is bounded. Also f admits left and right limits 
everywhere. the set of discontinuity being at most countable; therefore f is 
measurable. 
V,; X (f. X) 7 inf( V,,’ L (g. X): g G f except on a negligible set } 
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(this quantity is really a minimum: indeed if V,‘“‘df, X) < fco, take a 
representative g with V,+“(g,X) < +co; then d(t)- lim,,. g(s) belongs to 
the equivalence class off and one can check V,t “(g’, X) < var(g, X): as g’ is 
in fact independent of the choice of the representative g. the thesis follows). 
BV(0, +co,.X) = space of the functi0nsfs.t. V,+X’(f, X) < fco. 
We remark (see, e.g., [5, p. 1491) that the elements of the space 
B V(0, +co, X) could equivalently be defined as the functions f E 
L:,,(o, +a, X) s.t. 
.+If 
;“,t _(o 
II 
f@+h)-f(t) 
h II 
dt < +oo 
x 
or equivalently 
dt:WEC~(O,+oo.X*).II~lI,,,,,+,,,.,Sl~ <+co 
(both these supremums coincide with the quantity V,‘“(f, X)). 
EXAMPLE. IffE H'*'(O, +co, X), thenfE BV(0, +oo, X) with 
v;yf,q= $ 
II II L’CO. + c0.X) 
BV(0, +a~) = BV(0, +a-~, R). 
V;“f- Vtx(J R) for a real-valuedJ 
X(U) E Banach space of the holomorphic functions on the interior 
of the bounded set U c C”. continuous up to the boundary 
of CJ, equipped with the norm of the supremum on U. 
F(Q) = Space of the germs of holomorphic functions on the closure 
of fi, equipped with the inductive limit topology of the 
Banach spaces X(U), U bounded neighbourhood of fi in C” 
(see [ 161). 
N = ( 1. 2.... 1. 
1. EXISTENCE AND UNIQUENESS FOR PROBLEM (1) 
An approach to existence and uniqueness for problem (1) consists in 
supposing that the coefftcient a(t) has bounded variation on (0, fco): we 
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could then employ the result of 1 IO], which holds for a more general 
situation. However, we need more precise results, which in our simple 
situation can be obtained directly via the Fourier method: we present them in 
Theorem 1. 
THEOREM 1. Let us consider problem (1). Assume that the known 
fitnctions G. H in (1) satisjjl (3) and that 
a(t) E B V(0, +W ). (7) 
Then there exists a unique solution u for (1) which satisfies (4), and the 
.following estimate holds: 
< C(G, a@+). G ‘a) . ill(uo, u,)lL- + IIGlll.l,O.+r.l.~,rrr, 
+ V,tx(H, H-‘(R))). (8) 
ProoJ We will omit some arguments which are standard for time- 
independent hyperbolic equations (see [ 11). 
Denote by (~1~)~~~ c HA(R) an orthogonal basis of eigenfunctions for the 
operator -A on R, Ijt’kllrz,n) = 1 for every k E N, and by (A:),,, the 
correspondent eigenvalues, i.e., -do, = 1:~‘~ for each k (in such a way that 
0 < 1, <A* < . ..). 
By using formulation (5). we can explicitly write down the solution u of 
(I ) as a Fourier series, 
+ zc 
u(., t) = \‘ y,(t)? for t>O, 
k=l k 
(9) 
where. for every k. ~9~ E C’( [0, +a~)) satisfies 
Pk + lha(t)Ilk = lk [ G(., t) ck dx + ,I: (W. $2) for t > 0, 
. 0 
y,(O) = A, 1. u, ck d.x, 
. R 
.Vk(0) = A, 1’ u, ~1~ dx 
. f) 
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provided we check the uniform convergence on [0, + co) of the series 
where E,,(y,, t) E y:(l) + n;‘j:(t) for every k, r > 0. 
In fact we prove that series (1 I) is bounded from above by a convergent 
numerical series: by using estimate (VI) in Appendix A we obtain 
and it is easy to check that 
< [V,+“(H, H-‘(R))]‘. 
As a consequence we also have estimate (8). 1 
We now present another approach to existence and uniqueness (by 
refining a technique of [7]): we weaken the assumptions on a(t) by 
strengthening the assumptions on the data. We premise a lemma: 
LEMMA 1. The following properties are equivalent: 
there exisf a ,(t) E B V(0, +OO ), a&) E L’(0, +a) s.t., 1 
a(t) = a,(r) + az(t) for a.a. t > 0, j 
(13) 
a E G”,(O, +a 1 and ‘I 
. + %, 
O,(E)- sup ( la(s+s)-a(r)ldr-0 as E+O+. 
! (14) 
OCSb6 -0 
1 
Proof. (13)a (14): It is sufficient to prove that both W,,(E) and W,:(E) 
converge to zero as s --) O+. As for the first quantity, we refer to 
Preliminaries; for the second quantity it is a well-known fact. 
(14) 3 (13): Let C(t) denote the extension of a(t) to the whole real line, 
such that G(t) 3 r. for t < 0, and consider 
I 
+CS 
(a * PJW = 50 - s) P,(S) ds, 
- ?r 
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where p, denotes a C?(R) function with support contained in (--E, 01, 
0 <PA0 < 2/h 
It is easy to check that a, = a’* p, and a, = a’- a’* p, give the desired 
decomposition, if E is conveniently small. 1 
In the sequel we will refer to the above equivalent conditions as con- 
dition ( 13). 
THEOREM 2. Assume that (13) holds and that for the data u,,, u,, G, H 
in (1) there exists a constant 8 > 0 such that 
+X 
Ui(X) = K‘ 
k=l 
uik e-6.‘x vk(x), 
(i = 0, 1), 
+CC 
G(x. t) = “ 
k:l 
gk(t) e-d.‘k tlk(x), 
H(-y, 0 = ;” hk(t) e-‘-l’, ok(x), 
k=l 
(16) 
lg,ldt< +cO: “LIP v,+=hk < +oO, 
lim hk(t) = 0 for each k. 
r-+a 
Then there exists a unique solution of problem (1) oerijjjing (4), and 
further u satisfies 
Apu E C’( [O, +a), H;(R)) foreach p= 0, l,.... (17) 
Moreover. zff2 is of class C”‘(m E N), then also 
A”u E C’([O. +a~), H”(R) n H;(R)) for each p = 0, l,..., (18) 
and if R is of class C”. then also 
u E C’([O, +m), c”(n)), 
(19) 
Apu(., t)l,, = 0 for each I > 0, p = 0, l,... . 
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Proof: We proceed as in Theorem 1: we consider series (11) and with the 
aid of estimate (V) in Appendix A and hypotheses (15), (16) we deduce that 
the following estimate holds: 
~<(a,~o,6,~,uo,u,.G,H)e~6~‘” for each k, t. (20) 
From the estimate (Appendix B) b,k’j” < 2, for each k, for a suitable 
constant b, = b,(R) > 0, we can deduce that there exists a unique solution u 
of (1) verifying (4). 
Now consider an index p E N U (O}: the series ~~=~ y,(t)@%,/&) = 
El=“; y&) A:“- ’ ck converges in H,@) uniformly with respect to t > 0, and 
converges also in G?‘(Q) to d”(u(., t)) for each t > 0. Therefore 
A% E C”( [0, +a~), H;(Q)). 
The series xt=y ~i~(t)(A%J,i~) converges in H#2) uniformly with 
respect to t > 0, hence represents the derivative of Apu; then (17) follows. 
We now come to the regularity statements. If Q is of class C”, then -A: 
W(Q) n H#2) --t HQ - 2(i2) is an isomorphism for each 1 < 4 < m, SO that 
the following estimate holds: 
II l’h llwyo) < c(m7 a) Ak” for each k. 
As a consequence, in order to prove (18) we can restrict our consideration to 
the following energy estimate for each p = 0, l,...: 
+CK 
1‘ /q + ?m- I( y;(I) + f;(t)) < c((d) ;-” 1:” + ?qA(yk. t) 
LT, k=l 
and the thesis follows by comparison with (20) and Appendix B. 
If R is of class C”‘, then (18) holds for each m E N; for p = 0, then u E 
f-l&q C’([O, +a), H”(Q)) = C’( [O, +co), C”(6)). 1 
Remark 1. Let us consider the condition 
APUi E HA(R) for each p = 0. l,..., 
(i=O, 1). (21) 
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If condition (2 1) holds for some r > 0, then (15) holds for each positive 
6 < r: conversely if condition (15) holds for some 6 > 0, then (21) holds for 
r = c(n)8 (Appendices C, , C,). 
We note that (2 1) forces u,, and U, to be analytic in R [ 121. 
Condition (21) is true (for r = d/n) if the following condition holds 
(Appendix C,): 
ui is (extendable to) a holomorphic function on the set 
Lid E (z E C”: dist(z. 0) < d) (a’ > 0); (22) 
d pui,i,<l = 0 for each p = 0, I,... (i = 0, 1). 
Conversely: if R is either analytic [ 14, elliptic iterates theorem], or a 
parallelepiped (Appendix C,), then (21) forces (22) to hold for some 
d = d(f2, r). 
By the aid of the preceding remark we can give a more natural 
formulation to Theorem 2 (see Preliminaries for the definition of the spaces 
X(U) and Y(n): 
THEOREM 2’. Assume that (13) holds. Further assume that R is either 
analytic or a parallelepiped, that the initial data uO, u, in (1) satisfy (22) for 
some d > 0 (i.e.. ui E X(b) with dQi,,, = 0 for each p = 0, l...., i = 0. l), 
and that for the knobcw functions G, H in ( 1) 
there esists a bounded neighbourhood in (C”) (I of fi such that 
GE L’(0, +m.X(U)), 
I 
H E BV(0. +a~. X(U)), lim H(t) = 0 in X(U), (23) I-+ J 
dp[G(.. t)ll,, =d”[H(., t)]lrrr =0 for a.a. t > 0. p = 0, l,.... I 
Then there exists a unique solution u of (1) certjjling (4) and furthermore 
u satisfies 
u E C’([O, +oo),cqq), 
A%(., t)15n = 0 foreach t>,O, p=O, l,.... 
(24) 
Proof: The hypotheses of Theorem 2 are satisfied: indeed for some 6 > 0 
(15) holds in view of the preceding remark, and (16) can be checked by a 
similar technique. Therefore we can argue that there exists a unique solution 
u of (1) verifying (4), and (19) too. 
Now we demonstrate that (24) holds. From estimate (20), the coefficient 
.vJt) in the development (9) of u satisfies 
y:(t) < E.l,(yk, t) < ceCd-‘x for each k, t. 
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We put rvk = e-s.1J4 tik for each k. and we get (Appendix Cz) 
IJAD~~~kllL2(R, = ems-‘A’41:p < (2p)! (%)*’ for each k,p. 
This implies that (21) is satisfied for r < 6/4, hence (either [14] or 
Appendix C,) that the M’~ are holomorphic germs in a neighbourhood (in C”) 
V of fi, with a uniform bound: 
SYP II ~‘&I~) < +a. 
By the estimate (Appendix B) ,Ik > b,k”” (6, > 0) and the above estimate 
for yk(t) for each k, we can deduce that the series 
k 
is a uniformly convergent series of continuous functions of [0, +co) into 
X(v); hence u E C”( [0, + co ), R(6)). 
Similar arguments for the derivative du/dt permit us to conclude the’ 
proof. 1 
2. ASYMPTOTIC BEHAVIOLJR AS t++cO 
THEOREM 3. Assume that either the hypotheses of Theorem 1, or those of 
Theorem 2, or those of Theorem 2’ hold. Then the following limit exists: 
1 L 
a,= lim - 
L-cm L I 
a(t) dt. 
o 
(a) If, moreover, 
,GyX I1 (\/a(s) - 6) ds exists and is finite (25) 
0 
then the solution u(x, t) of (1) can be split in the following way: 
u(x, t) = v(x, t) + a(x, t) for every x E a, t > 0, where: 
v is a solution of a*v/&* = aoo Av on R x (0, +co) satisfying (4), 
and o is infinitesimal in energy as t + +a, i.e. 
lim Ila(., OllH;o, + 
II II 
$(..O = 0. t-+m L’(R) 
(b) Conversely if there exists v non-identically vanishing such that 
(26) holds, then (25) must hold. 
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Proof: The first assertion is straightforward. In order to prove (a) and 
(b), we will use the Fourier development of u given by (9), (10). We have 
assumed that we can split a(t) = a,(r) + az(t) as in (13). Therefore we can 
use a classical result concerning the equation j; + n’(a,(t) + a,(t)) 4’ =f(r) 
(Appendix A(ii)), which assures for each yk(t) the following asymptotic 
behaviour, 
lim ?k@) ~ - uk &cos (AI ( \/a(s) ds + q, ) = 0, 
f-+7 lk .o 
for each k, (27) 
where CI* and ok are suitable constants, with the estimate 
a: < max(l,a;‘). ;lj;E.li(41k,f) for each k. (28) 
Part (a). If (25) holds, we have for a suitable choice of (v/~) 
lim 
f-+X7 
yk(f) - ak sin& & f + tgk) = 0, 
for each k. 
lim ?;kO) 
(29) 
f-tm 
- - ffk &&OS@, \/ax f + v/k) = 0, 
‘k 
We claim that the choice 
+ -1 
c(.,t) i \’ 
k:I 
uk sin@, Kf + w,) p (f > 013 (30) 
k 
satisfies (26). It is easy to verify that the series in (30) converges uniformly 
with respect to f in the energy space: indeed the numerical series C,?I’, CI~ 
converges by (28) and ( 12), or (20). 
Further we must prove that a(~, f) = U(X, t) - L’(.Y, t) tends to zero in the 
energy space as f -+ +cc : this is a consequence of (29). (28) and (12), or 
(20). So (a) is proved. 
Part (b). We now prove the converse statement (b). If (26) holds for 
some c then (29) must hold for some (Pk) c R in place of (L(~). By 
comparing with (27) we obtain, for each k, 
lim ak sin 1 
I-c Ix ( k.l:~ds+~k)-Pksin(lk\/;;;f+ylk)=O. 
,I,“, CI~COS (Ax [“mds +o,) -pp,cos(lk\/a,tf V/k)=O. 
‘0 
CO5 ‘3912. I2 
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If we square and sum we obtain, for each k, 
which implies necessarily ak = Pk for every k: hence, unless ak = Pk = 0 for 
every k, (25) follows. 1 
COROLLARY. Assume that (25) holds and that either the hypotheses of 
Theorem 1, or those of Theorem 2, or those of Theorem 2’ hold. Then the 
pair (u, duldt) is an asymptotica& almost-periodic function oft with values 
in the energJ7 space (in the sense of [ 11 I). 
Proof: The pair (v, du/dt) is almost-periodic with values in the energy 
space (see, e.g., [ 1, 131). I 
Remark 2. Let us consider problem (1) in the homogeneous case 
G = H = 0 and assume that the hypotheses of Theorem 3(a) hold. 
Then the relation of asymptotic equivalence u w u induces an isomorphism 
between the solutions of (1) and the solutions of (6) with respect to the 
L”O(0, +oo, E)-norm. 
Remark 3. We have provided our existence Theorems 2, 2’ with 
regularity results: if the respective hypotheses are satisfied, then we can give 
more precise information about u, CJ. For instance, if the hypotheses of 
Theorem 2’ and condition (25) are satisfied, then (24) holds with ~1, u in 
place of u and a(., t), (do/dt)(., t) are infinitesimal in R(a) as t + +co. 
Remark 4. If we can split a(t) =a,(t) + a,(t) as in (13), then 
condition (25) is equivalent to 
lim 1’ (m - 6) ds exists and is finite, (31) 1-+x .(J 
which in turn is equivalent to 
lim )-’ (a,(s) - a,r) ds 
,-i-s .‘) 
exists and is finite. (32) 
Note that these conditions require that (a,(t) - a,) E L’(0, +a). 
Simple examples can be provided, where a(t) satisfies (7), (32) and yet 
(a,(t)-a,)@L,(O,+oo) (e.g.. for each m = 1, 2,... define a(t) = 
1 - (-1)“. mm2 for (m - 1)2 < t < m’). So the condition (a(t) -a,) E 
L’(0, +co) is not necessary for obtaining the desired asymptotic behaviour 
of u (compare with 121). 
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Remark 5. It is quite natural to compare the asymptotic behaviour of 
(I) (as t + +co) with the “convergence” (see [8]), as m + +a~, of the 
sequence of problems 
, 
i;-u, 
7 = a(s + m) Au, + G(.u, s) + H(x. s) 
i’s- 
u,,,(.. s) E HI@) 
u,,( ., 0) = U”. 
+(..o)=u, 
to the problem 
Fu, 
-T-=a,Au, +G(x.s)+H(x,s) 
Ps- 
u,(.,s)E 4w) 
u7(.. 0) = u,, 
%(*,O)=u, 
on f2x(O,l), 
for every s E [0, 1], ! 
! 
(33), 
on R X (0, l), 
i for every s E [0, 11, / 
i’ (33)x 
I 
(we note that for parabolic equations the analogous idea has given some 
results [ 3 1). 
However, as the simple example a(t) = (1 + I/[t])’ shows, the property 
“for every choice of u,, u,, G, H the solution u, of (33), converges in 
L’(0. 1. E), as m+ +co, to the solution u, of (33),” may hold, and yet 
condition (25) (and then (26) in general) fails to be true. 
APPENDIX A: ORDINARY DIFFERENTIALEQUATIONSOFSECONDORDER 
In this appendix we study the ordinary differential equation 
j; + l’a(t)y = Jg(t) + A2h(t) (1) 
under the assumptions (2) (13), gE L’(0. fco), h E BV(0, +a~) with 
lim t~.+m h(f) = 0. 
We preliminarily study the associated homogeneous equation 
i’+ J2a(t)z = 0 (11) 
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in view of the fact that we can express the solution y of (I) as 
where z, and z2 are solutions of (II) with initial data respectively 
z,(O) = 1, z,(O) = 0, 
i,(O) = 0, 22(O) = ;1. 
We will consider two different notions of energy: 
j(t) 2 E,(y, I) = Y’W + T 3 ( ) 
E,,,,(y, t) = a,(r) y’(t) + +g ( 1 
2 
. 
(i) Uniform Estimate of the Energy of Solutions of (I). 
First we estimate the energy of the solutions z of the homogeneous 
Eq. (II). 
We consider the energy EdI,,,, where a, is defined as in the proof of 
Lemma 1 with E s l/1; for each t 
From this, via the classical Gronwall’s lemma, we can deduce an estimate 
for z in the E,l energy: for each i,, t, 
E,k t2) G 41’0) . E.L& tz) 
< 4~0) . (1 + a,@,)> . E,k [,I 
*I’+ “A la(s)1 ds) . E.,(z, c ,) . exp ( c(vo) Aw, (+)) . 
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Hence for any fixed decomposition a(r) = b,(t) + b,(t), 6, E BV(0, +a~). 
b, E L’(0, fw), we have, for each t,, t,: 
E,k fz)G 4~0) - (1 + 2 llb,ll,,’ + 2A llbzll, 1) 
. (ew (c@J,)~ ~l>~(+-))) f E.l(~.f,) 
~c(~,~Ilb,ll,.)~ (1 +~llb,Il,,) 
. (exp (4%)&(f))) .E.l(Z.t,). 
With the aid of representation (III), after some calculations, we find the 
following estimate for the solutions of the inhomogeneous equation (I): 
E.,(Y, f) < c(voI llb,II,.) . (1 + J llUl)~ (exp@(dAw,(l/~))) 
* iE,,c% 0) + II&,+x, + IvY21. (V 
In the special case a(t) E BV(O, +a~), we can choose bz = 0, and the 
above estimate simplifies to 
E,(Y, f) < c(~~~, llall, ‘) . (ew(c(hJ I’,+ ‘a)) 
. W.,(YYO) +II &o.+cc, + Icw 
because in this case we have (see Preliminaries) 
w,(I/~) < A-’ . v,Cma 
(VI) 
(the derivation of (V) from (IV) may be performed with a technique of this 
type: 
(~j]:n(z,z~(r)-z,(r)r,)dr)~ G IIE.,(z,(.)Z?(t)--Zl(t)Z2(.)~ *)ll,r. IId: 
<c(~,llb,ll,~)~(1 +~ll~,II,~~~~B,~~,~~~~,~~~--,~~~~~~~~,~~l,~~~~II~ll~~ 
<c(~‘o, llb,II,,). (1 +A llb&1)~ llsllfl 
as i,z, - z, i, constantly equals -1). 
(ii) Asymptotic Behaviour of Solutiok of (I). 
We claim that there exist constants a, p s.t. 
=O, 
306 ALBERTOAROSIO 
First we note that this is true for the solutions of the homogeneous 
equation (II) [4, 61; then it can be shown to be true for the solution of (I) by 
means of the representation formula (III). m 
APPENDIX B: ASYMPTOTIC BEHAVIOUR OF THE EIGENVALUES OF -A 
For an open bounded set Q there exist strictly positive constants 
b, = b,(Q), b, = b,(R) s.t. 6, k”” < 1, < bzkl’” for every k: indeed this is true 
if J2 is a parallelepiped, [9, p. 4291, and the general assertion follows by 
virtue of the monotonicity property of the kth eigenvalue with respect to 
inclusion [9, p. 4091. 
APPENDIX C: FOURIER DEVELOPMENTS, 
ITERATES OF ELLIPTIC OPERATORS AND ANALYTICITY 
PROPOSITION C,. If (21) is true for some r > 0, then (15) is true for 
every positive 6 < r. 
ProoJ Fix a strictly positive 6 < r. 
If we suppose (21), we have ~~ApuiI~L~~o~ < c(6)((2~)!/6*~) for every p E N 
(i = 0, 1). 
An easy calculation shows that for every k, p 
In particular if for each, fixed k we choose p = [Jk8/2], we get for every 
6’ < 6 
luikl <M(d’, 6)em6’.‘k for every k. 1 
LEMMA C,. Fix A > 0, p E N. The function 
f(x) E xd= . exp(-Ax”“) 
has a maximum on [0, +a~): 
P 
< p! A-“. 
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Moreorer, the following inequality holds: 
i’ kp”’ exp(-AA”“) < c(A, n) . (p + n - l)! . A-“. 
AT” 
Proof. The function go?) = emX.rp is increasing on [0, p 1, has a 
maximum in J* = p the value of which is f(p) = emp . pp, and decreases on 
IP. +a). 
From the relationf(.u) = A -’ . g(A.u’,“) we get the first part of the thesis. 
As for the second assertion. it can be deduced from the inequality (valid for 
such an f ): 
tl 
\‘ f(k) < l.+Tf(x)d.v+ ,rnm,J 1 
k -0 -0 
PROPOSITION C,. tf (15) is true for some 6 > 0 then (21) is true for 
r = Jb,(fl)/b,(Q) (b,. b2 are defined in Appendix B). 
Proof. For every p E N we can compute (i = 0, 1) 
2P 
. ((4~ + n - l)!)“’ 
(the last inequality holds due to Lemma C,); hence: 
We notice that (21) is equivalent to the following condition: the power 
series 
t H [cos(t@)](u,) + [(GE’ sin(t\/-d)](u,) 
~ v A’u, lp +vL A9u, 
pyoZp!f + 9yo (2q+ l)! f29+’ 
converges in HA(R) for I tl < r, and hence represents the solution of 
ii2u/at2 = Au with boundary conditions like in (1) for It / < r. 
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PROPOSITION C,. If (22) is true for some d > 0, then (21) is true for 
r = d/n. 
Proof Fix a strictly positive d, < d. By means of the Cauchy formula we 
can estimate 
for every multindex /I. 
hence 
= IIUiIILc(ad,) . (2p)! . dFZP . nzP; 
hence max limp,+ ~ [( 1/(2p)!) (IAPUiI(~.?(~~] “*’ < n/d, for 
hence (22) follows with r = d/n. 
every 0 < d, < d; 
PROPOSITION C,. Let Q be a parallelepiped. Suppose 
some 6 > 0: then (22) holds with d = 6. 
Proof: We can suppose R = ny,, (0 <Xi < bj}. 
that (15) holds for 
In the sequel 
m = (m, ,..., m,) E N” will be a multi-index. The eigenvectors of -A are v, = 
nJ?=, sin(b,:‘mjxj) (m E N”): they are entire functions on C”. The relevant 
eigenvalues are Ai E xi”=, b,: *mf (m E N”). We claim that the series 
_ uim em'-'- v, -7 (i = 0, l), 
f?ZEN” 
converges uniformly on the set W, 3 (z E C”: I Im ZJ < d} for every d < 6: 
this follows from the estimate 
<M(S) 1 e-“Amexp k b,~‘mjlImzjl 
WIEN’ II j= L II L<(Wd) 
<M(6) x e-A~(6-d’ < +a. 
mENn 
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Therefore the series in object represents a holomorphic function in the set 
W,IflD,. I 
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